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ABSTRACT 
Two ethanol production models were developed as a 
function of microbial growth, metabolism, and the 
chemical and physical processes occurring in a 
fermentation system. The tirst equation, which considered 
a monosaccharide as the substrate, fit measured data well 
(R2>0.98). This function considered lag time through a 
microbial population increase component and fit all 
physical boundary conditions. Because of the theoretical 
basis for the equation and the excellent fit to measured 
data, it was concluded that the model fully explained the 
fermentative conversion of a monosaccharide to ethanol. 
The upper boundary condition for the monosaccharide 
substrate equation was modiHed to include effects of the 
chemical and physical processes that convert starch and/or 
cellulose to a sugar. This starch-based equation also closely 
fit measured data reported in the literature. The four 
coefficients in the general starch equation were related to 
carbohydrate concentration, percent saccharification, and 
temperature. A physical explanation was given for each 
coefficient. Independent verification of the second model 
using 18 data sets reported in the literature predicted 
measured results with an R2 value of 0.89 and was highly 
significant (a==0.001). KEYWORDS. Modeling, Ethanol, 
Eneigy, Microbes. 
INTRODUCTION 
Ethanol production and research was quite active in the mid-seventies, but interest wavered in the mid-eighties as oil prices declined. The recent climb in 
oil costs has reignited interest for two reasons: 
1) oil is obviously non-renewable, and 
2) oil is needed for petroleum-based products as well as 
energy. 
The advantage of ethanol as a liquid energy source is 
that it is renewable from biomass and often the biomass is 
a by-product of agricultural production. Ethanol can be 
produced fixjm three types of biomass (Jones et al., 1981): 
1) sugars (from sugar cane, molasses, sweet soighum, etc.); 
2) starches (from cassava, com, babassu, potatoes, etc.); 
and 3) cellulose (from wood and agricultural residues). 
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The most attractive form of biomass is a sugar-based 
raw material since the carbohydrates are already in a 
fermentable, simple sugar form. Starches and cellulosic 
products require a chemical or physical pretreatment 
process to form fermentable sugar. From a modeling point 
of view, this pretreatment process adds complexity and 
changes the boundary conditions for microbial modeling. 
Ethanol production consists of a sequence of operations 
summarized by handling feedstock, exposing its 
convertible sugars to microorganisms for fermentation to 
ethanol, and distilling the resulting fuel. The microbial 
growth phenomena is the least understood portion of the 
process; thus, understanding and mathematically describing 
microbial growth could directly benefit the ethanol 
production industry. 
Models describing microbial growth can be divided into 
three types: engineering, population, and biochemical 
models (Blanch and Dunn, 1974). Engineering models deal 
with a microbial system at a microscopic level while 
population models consider the microbial population to be 
heterogeneous (Bailey and Ollis, 1986; Wang et al., 1979). 
On the other hand, the biochemical model is concerned 
with the overall reaction patterns within the cells 
themselves. 
Although there are several models available for 
predicting microbial growth, the science of modeling 
biological systems is generally empirical (Aiba et al., 1965; 
Calam et al., 1971; Price and Dwek, 1979; Wang et al., 
1979). Therefore, more fundamental research is necessary 
to model the microbial growth process and to assist with 
the design of biological reactors in ethanol distilleries. To 
meet the need for a better model, a sequence of equations 
was developed that describes the conversion of biomass to 
ethanol as a function of the substrate, the substrate 




A monosaccharide is the simplest form of sugar and 
therefore will be the starting point for the model 
development. Conversion of other sugars (polysaccharides) 
should also follow the same simple form of the 
monosaccharide, but may have different coefficient values. 
Saccharides are much simpler in form than starch, 
therefore it is reasonable to expect more complexity for a 
starch-based model. This complexity will be addressed in 
the next section. 
For a container of liquid material fully populated with 
microorganisms, metabolism and hence substrate 
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conversion, depends on the amount of food or substrate 
available. The conversion of substrate to ethanol or change 
in substrate per time is proportional to substrate 
concentration: 
dS/dt = -K,S (1) 
where 
S = substrate concentration (mg/L), 
Ks = substrate utilization factor that depends on 
temperature, pH, and trace nutrients (1/h), and 
t = time(h). 
Equation 1 expresses the rate of monosaccharide 
conversion to ethanol when the number of microbes and 
environmental conditions (temperature, pH, and available 
nutrients) are constant, and only competition between the 
microbes for the substrate exists. Rearrangement and 
integration of equation 1 from the initial (SQ) to the final 
(Sf) substrate concentration from time equal zero to a final 
time, tf, results in: 
l n ( S , / S ) = -K t, 
^ f O"̂  S f 
(2) 
Taking the exponent of both sides and rearranging 
equation 2 gives: 
V S ^ ê̂ -"̂ ^̂ ^̂  (3) 
By subtracting each side of equation 3 from the initial 
substrate concentration, SQ, and dividing by SQ, the 
following equation is obtained: 
(So-S,)/S, = 1-e^ 
(-K,t,) 
(4) 
The left side of equation 4 is the fraction of sugar 
(monosaccharide), F ŝ, converted to ethanol. 
The fraction of a monosaccharide converted to ethanol 
also represents the fraction of possible ethanol produced. 
Equation 4 can be rewritten as: 
relationship lead to a derivation of a physically based 
residue decay equation involving temperature, moisture, 
carbon/nitrogen ratio, and time. Likewise, the conversion 
of a solid substrate to ethanol can be limited by surface 
area if the materials are not chopped or ground. With the 
conversion from a monosaccharide to ethanol, surface area 
is not a variable because the food source is in solution; 
however, the volume occupied by an individual microbe 
and its surrounding can effect the nutrient transfer to the 
microbe. In essence, each microbe should act as a sink for 
nutrients, therefore each should have a sphere of infiuence. 
It is, therefore, logical to assume that the total number of 
microbes in a system is limited by the total volume of the 
system divided by the individual volume of infiuence of 
each microbe. As the microbial population increases, the 
probability of one microbe space interfering with another 
microbes space increases This interference reduces the rate 
of population increase. This relationship is analogous to the 
Monod kinetics. The rate of change in the number of 
microbes in the system can be expressed as: 
dN/dt = k ( V ^ . N V ^ (6) 
where 
N = number of microbes in the system, 
k = microbial growth constant (1/L-h), 
Vt = total volume available to be occupied by the 
microbes (L), and 
Vm = the volume needed by one microbe (L). 
Rearranging equation 6 and integrating within the limits 
of N from N© to Nf and t from 0 to tf produces: 
l n [ { V . - N , V j / ( V , - N „ V „ ) ] = - k V ^ t / (7) 
Taking the exponent of both sides gives: 
{ V . - N , V J / ( V . - N „ V ^ ) =e^-''̂ ™''> (8) 
Dividing both the numerator and denominator of the left 





and represents a model for a system with a constant 
number of microbes and constant environmental 
conditions. A form of this equation (Monod) is often 
applied as an ethanol production model by subtracting a 
start-up or lag time from tf (Wang et al., 1979). To 
physically account for the beginning shape of the growth 
curve or lag time, it is necessary to include a second 
relationship that considers the change in microbial 
population with time. Microbial population can be limited 
by several parameters, such as surface area, temperature, 
toxins, etc. Physically, surface area and volume should be 
two primary limits. Gregory et al. (1985) have shown that 
microbial decay of crop residue was limited by the physical 
surface area associated with the crop residue. This 
l - (NoV„/V , ) = e 
(9) 
The total volume of microorganisms in the system at 
any given time can be expressed as the product of the 
volume occupied by one microbe and the actual number of 
microbes at that time. When the ratio of the initial to 
maximum number of microbes is negligible compared to 1, 
equation 9 can be simplified to: 
Nf = (V,/Vj[l.e^-''^-^^^] (10) 
But V/Vm is the maximum number of microbes possible; 
thus, at any time, the number of microbes present in the 
fermentation vessel is: 
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N, = N 
f max 
[iV-'^^"''>] (11) 1.0 
Because the substrate utilization factor. Kg, in equation 
1 is a function of the number of microorganisms in the 
fermentation system. Kg needs to be expressed as a 
function of time: 




the initial substrate utilization factor (1/h), and 
the number of microbes in the system at any 
time, t. 
The number of microbes in the system at any time, t, can 
be defined as Nf, as shown in equation 11; therefore, the 
expression for Nf can be substituted into equation 12 for 
N(t) to obtain: 
K = K N [l.e^-''^«n^f>] 
o max L J 
(13) 
Equation 1 can now be rewritten as: 
dS/dt = .K^N^^Jl.e^-*^^-'>]s (14) 
If a constant Al (1/h) is substituted for the product of KQ 
and Nmax and a constant A2 (1/h) is substituted for the 
product of k and V^, equation 14 can be rearranged and 
integrated to obtain the general expression: 
ln(S^/S^) = -Al/A2[e^'^^'f^.l] -Alt f (15) 
Taking the exponent of both sides of equation 15 and 
subtracting from one gives: 
S { (.Al/A2)[e^-^2tf).j]_^j I 
1 ^ = 1-e (16) 
Note that the left side of equation 16 equals the fraction of 
a monosaccharide converted to ethanol. We now have a 
general relationship to describe the conversion of a 
monosaccharide to ethanol for controlled environmental 




At this point in the development, the derived equation 
was tested with unpublished data derived from a sugarcane 
biomass collected at the COPERSUCAR ethanol 
cooperative in Brazil. The model values for R2 were 
greater than 0.98 and the significance level was high 
(a=0.001). Figure 1 shows the result of the 
monosaccharide-based model for the two data sets. While 
Data Set 1 
R'̂ S = 0 .99 
+ Data Set 2 
f\^2 = 0 .98 
6 8 10 12 14 16 18 20 
TIME (HOURS) 
Figure l-Fraction of sugar converted to etiiano! as compared to the 
model prediction (solid line). 
individual values of the coefficients Aj and A2 should vary 
with the type of substrate, temperature, pH, and other 
system variables, the data set verifies the form of the 
equation. Note from figure 1 that equation 17 models a 
slow start-up in production as well as the rapid increase 
followed by a leveling off of production as time increases. 
The equation is, thus, more general than the empirically 
developed Monod or Michaelis-Menten equations often 
used as the standard to describe microbial 
systems but must be adjusted for a lag time to match 
measured data. 
STARCH-BASED MODEL DEVELOPMENT 
The generation of ethanol from a starch-based substrate 
requires a pre-treatment process to convert the starch to 
sugar. The pretreatment process changes the boundary 
conditions of the sugar-based model. The upper boundary 
condition, as illustrated in figure 2, especially for the 32° C 
temperature, shows a linear upper boundary that is less 
than 1(X)% of the substrate conversion and, thus, must be 
considered in a general model. The data collected by 
Bowman and Geiger (1984), where a wet-milled starch was 
fermented to ethanol, were analyzed first using only the 
sugar-based model. Values of R2 greater than 0.8 were 
obtained for the various data sets. While the R2 values 





Figure 2-Percent etlianol yield for a starcli-based substrate as a 
function of temperature vs. model prediction (solid line). 
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and A2, varied from treatment to treatment with little or no 
observable trend. For example, microbial activity for 
ethanol production generally decreases as temperature 
increases above 35** C, but with the starch based system, 
the yield of ethanol was highest at 40*" C (fig. 2). 
Furthermore, the production curves crossed as temperature 
changed. The data by Bowman and Geiger (1984) are very 
confusing in that there is a crossover with total ethanol 
production as time and temperature interact. In the early 
time period of ethanol production, the high temperature of 
40** C yields the lowest ethanol production. However, as 
time progresses, the 40° C treatment yields more ethanol 
than any of the other treatments at a lower temperature. 
Obviously, the simple monosaccharide based model does 
not explain these observations. Furthermore, Bowman and 
Geiger (1984) do not explain why these results occurred. 
Based on the observation that a linear function controls 
ethanol production after 30 hours (fig. 2), it is obvious that 
a different physical process controlled ethanol production 
in the later stages of conversion. 
Starch must be converted to a monosaccharide or 
polysaccharide before ethanol can be produced. The 
absorption of water and conversion to saccharides should 
be a linear function of time and should increase as energy 
(increased temperature) is supplied to the system. 
Furthermore, as substrate decreases in the system, this 
chemical/physical process would control the availability of 
the saccharides and, thus, the rate of ethanol production. 
Because only the upper boundary condition appeared to be 
affected, a linear function was superimposed on to the 
initial model to obtain the following equation for ethanol 
production from starch that uses grain as the initial 
substrate: 




= the percentage of starch converted to a 
saccharide after pretreatment, and 
= the rate of conversion of starch to saccharide 
during the fermentation process (1/h). 
To test the model expressed by equation 18, data 
reported by Bowman and Geiger (1984) were used. It 
should be noted that this data produced confusing results 
with no detectable trends for coefficients in the initial 
analysis on equation 17. The data set was divided into two 
parts. The second part, which contained 18 experimental 
runs and had the widest range of independent variables, 
was used to calibrate and further develop the model. Values 
for R2 were 0.96 or better and the model was highly 
significant ((X=0.001). Obviously, the superimposing of a 
linear upper boundary condition greatly improved (16%) 
the variance explained by the model. Furthermore, this 
upper boundary condition is logical; the fact that it is a 
standard practice to pretreat a starch-based substrate is 
evidence of the physical process that is taking place. 
Because two different processes of time and temperature 
occur, the crossover discussed earlier is a logical result. 
High temperatures favor the conversion of starch to sugar, 
but moderate temperatures favor microbial growth. It was 
concluded that equation 18 is a correct form for a starch-
based system and that all four coefficients (Al, A2, A3, 
A4) are related to three of the four variables tested in the 
system. The first part of the data, another 18 runs, was used 
later to independently verify the general model. 
MODEL COEFFICIENT ANALYSIS 
Similar to the test of the starch based model, an analysis 
of the individual coefficients was completed using the part 
2 data. Coefficients Al and A2 both vary with the 
suitability of the environment for microbial activity. Both 
coefficients were quadratic functions of temperature with 
optimum values between 30° C and 35° C. This optimum 
temperature range agrees well with that reported by Jones 
et al. (1981) for batch fermentation systems. The 
coefficient Al expresses a measure of how rapid the 
microbial population will consume the available 
monosaccharide and convert it to ethanol. Obviously, the 
higher the concentration of monosaccharide, the longer it 
will take a given population to consume it. The coefficient 
A l , therefore should be inversely proportional to a 
monosaccharide concentration. With all variables constant 
except carbohydrate concentration, it was found from the 
Bowman and Geiger (1984) data that Al could be 
expressed as: 
Al = 16.5/C,b (-0.81 + 0.0654 T - 0.00106 T ) (19) 
where 
Cfb = carbohydrate concentration in g/l(X)mL, and 
T = temperature, ° C. 
This relationship had an R2 of 0.80 and was highly 
significant (ot=0.001). The coefficient Al was found not to 
be a function of percent saccharification or amylo-
glucosidase concentration. 
The coefficient A2 physically expresses a measure of 
microbial growth or cell division. Like Al, the coefficient 
A2 varied slightly with temperature. The coefficient A2 did 
not vary with amyloglucosidase concentration but did 
decrease with carbohydrate concentration and percent 
saccharification. A logical explanation for this result is that 
chemical concentration increases the osmotic pressure of 
the water in the system and cell division and population 
growth are slowed as water becomes less available to the 
cell. The following equation was developed for A2: 
A2 = 2.56-0.0538 C,b-0.0096S,, ^̂ 0) 
-0.403 +0.0334 T-0.000526 T^ 
where 
Sac = percent saccharification. This relationship 
produced an R^ of 0.76 and was significant at the ocs=0.001 
level. 
The A3 coefficient was found to be independent of 
carbohydrate or amyloglucosidase concentration. The 
coefficient A3 varied as a linear function of both 
temperature and percent saccharification. Both results are 
logical based op the procedure used by Bowman and 
Geiger (1984). The wet mesh material was soaked and pre-
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treated with the amyloglucosidase to produce 
saccharification prior to inoculation with microbes; hence, 
the intercept value (A3), at the time that ethanol generation 
began, varied with the pretreatment conditions of both 
temperature and percent saccharification. With 
carbohydrate concentration held constant, the following 
relationship was found: 
A3 = 50.8 +0.589 T + 0.180S^ (21) 
This relationship gave an R2 of 0.75 and an a of 0.05. 
The A4 coefficient was independent of carbohydrate 
and amyloglucosidase concentration. Temperature and 
percent saccharification were both important. The rate of 
breakdown of complex carbohydrates should vary with 
how rapid the material becomes hydrolyzed and how much 
eneî gy is available to break chemical bonds. Also, the rate 
of water uptake and eneî gy available should both vary with 
temperature. Because water uptake and energy availability 
both vary with temperature, the combination of the two 
processes should yield a temperature squared function. The 
A4 coefficient was determined to vary with temperature 
raised to the power of 2.07, which is close to 2; therefore, it 
was concluded that A4 increased with the square of 
temperature. It was also found that A4 decreased as percent 
saccharification increased. This result was a surprise, but a 
simple explanation exists. The conversion of starch to a 
monosaccharide by saccharification in the pre-inoculation 
treatment tends to consume all starch in the system. This 
causes a negative response for the later process, and thus 
affects the coefficient A4. The final model obtained for A4 
is: 
A4 = 0.000356T%^-'-'''''«^ (22) 
A high R2 (0.98) and significance level (a=0.001) were 
obtained with equation 22. 
100 
0 20 40 60 80 100 
Measured Ethanol Prod. 
Figure 3-Measured vs. predicted etiianol production yields for 
starcli-l>ased substrate. 
INDEPENDENT MODEL VERIFICATION 
To independently verify the general, process-based 
ethanol production model, the part 1 data from Bowman 
and Geiger (1984) were used. As shown in figure 3, the 
measured versus predicted results were highly significant 
(a=0.001) with an R2 value of 0.89. Because the four 
coefficients in the general model were empirically related 
to other variables in the system, numeric values may vary 
for other systems. The system of equations, however, does 
provide an example of a process-based microbial system 
model. 
SUMMARY AND CONCLUSIONS 
Two ethanol production models were developed based 
on microbial growth, metabolism, and the chemical/ 
physical processes that are occurring. The first equation for 
a monosaccharide substrate fit measured data with an R2 
value greater than 0.98. This function considers lag time 
through a microbial population increase component. The 
function also fits all physical boundary conditions. Because 
of the theoretical basis for the equation and the fit to 
measured data, it is concluded that the model is a general 
equation for explaining the conversion of a 
monosaccharide substrate to ethanol. 
The upper boundary condition for the monosaccharide 
substrate equation was modified to include effects of the 
chemical/physical processes of converting starch to a sugar. 
This starch-based equation also closely fit measured data 
reported in the literature. When the A3 coefficient is set 
equal to 100% and A4 is set equal to zero, the starch-based 
equation reduces to the monosaccharide-based equation. 
The four coefficients in the starch equation were 
empirically related to other physical parameters in the 
system including carbohydrate concentration, percent 
saccharification, and temperature. A physical explanation 
was given for each relationship. While the numeric values 
for the coefficients may vary with other components in the 
system that were not measured, the form of the final 
equation is of a general nature and should match data for 
other microbial systems. An independent verification of the 
model was made with 18 data sets reported in the literature. 
The model predicted measured results with high 
significance (a=0.(X)l) and an R2 value of 0.89. 
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